
Variational Integrators and Optimal Control for a Hybrid
Pendulum-on-Cart-System

Dominik Kern, Michael Groß

Chair for Engineering Mechanics/Dynamics

22th March 2018

TUC · 22.03.2018 · Dominik Kern 1 / 16 http://www.tu-chemnitz.de/

http://www.tu-chemnitz.de/


Introduction

Motivation

How to score, if you have less than the weight as actuation force (Fmax < mg) ?
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Introduction

Motivation

..by bouncing the ball on the ground, until it reaches the basket.
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Introduction

Motivation
Collisions, e.g. by brakes, may generate forces or torques, much higher than drives of
comparable weight and size.

Cubli – A cube that can jump up, balance, and walk across your desk
[Institute for Dynamic Systems and Control, ETH Zurich, Switzerland]
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Introduction

Outline of the Talk and Literature behind
I Non-smooth Dynamics

I C. Glocker
I B. Brogliato

I Variational Integrators and Optimal Control
I J.E. Marsden
I T. Murphey, S. Leyendecker
I O. Junge, S. Ober-Blöbaum

I Variational Integrators and Optimal Control for Non-smooth Systems
I J.E. Marsden, R.C. Fetecau
I T. Murphey, D. Pekarek
I S. Ober-Blöbaum, K. Flaßkamp
I S. Leyendecker, M. Koch

I Pendulum on Cart
I A. Astrom, K. Furuta
I . . .
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Variational Formulation of Non-smooth Dynamics

Non-smooth Dynamics

Hybrid systems combine time continuous and time discrete dynamics.
In mechanical systems discrete events originate from collision or friction modeling.

Variational principle in generalized coordinates q ∈ Rn

0 = δ

tE∫
tB

L(q, q̇, t) dt+
tE∫
tB

Q(q, q̇, t) · δq︸ ︷︷ ︸
δW nc

dt

subjected to unilateral constraint

g(q) ≤ 0

admissible positions q ∈ G, collisions at boundary ∂G.
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Variational Formulation of Non-smooth Dynamics

Variational Formulation

Hamilton’s principle for a time interval with a collision at time t = ti, tB < ti < tE

0 = δ

tE∫
tB

L dt+
tE∫
tB

Q · δq dt

0 =

t−i∫
tB

(
Lq −

d

dt
Lq̇ +Q

)
· δq dt+ |Lq̇ · δq + Lδti|t

−
i
tB

+

tE∫
t+i

(
Lq −

d

dt
Lq̇ +Q

)
· δq dt+ |Lq̇ · δq + Lδti|tEt+i + σ(ti)Q̂ · δq.

Generalized coordinates q(t) are assumed continuous, velocities/momenta not.
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Variational Formulation of Non-smooth Dynamics

Variational Formulation

impact position is restricted to g
(
q(ti)

)
= 0, impact time ti depends on q(t)

0 = δg
(
q(ti)

)
= ∇g ·

(
δq(ti) + q̇(ti)δti

)
δti = 0  ∇g · δq(ti) = 0 δq(ti) ∈ T∂G
δti 6= 0  δq(ti) = −q̇(ti)δti

thus boundary term turns for frictionless elastic collisions (smooth Q) into

0 = − |Lq̇ · δq + Lδti|
t+i
t−i

=

 − |Lq̇ · δqt|
t+i
t−i

for δti = 0

− |(−q̇ · Lq̇ + L)δt|
t+i
t−i

otherwise

which represents conservation of momentum in tangential directions and conservation
of energy, respectively.
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Variational Integrators for Non-smooth Dynamics

Variational Integrators (VI)
1.) Approximation of the generalized coordinates per time step h = tk+1 − tk

q(t) ≈ qd(t) = qk +
t− tk
h

(qk+1 − qk)

2.) and numerical integration of the action functional (same for virtual work )
tk+1∫
tk

L
(
q(t), q̇(t), t

)
dt ≈ hL

(
qd(tk+1/2), q̇

d(tk+1/2), tk+1/2

)
= Ld(qk, qk+1, h)

leads to Discrete Euler-Lagrange equations (collision-free case)

pk = −D1Ld(qk, qk+1, h)− f−d (qk, qk+1, h)

pk+1 = D2Ld(qk, qk+1, h) + f+d (qk, qk+1, h).

Notation: D1Ld(qk, qk+1, h) =
∂
∂qk

Ld(qk, qk+1, h),
D2Ld(qk, qk+1, h) =

∂
∂qk+1

Ld(qk, qk+1, h),
D3Ld(qk, qk+1, h) =

∂
∂hLd(qk, qk+1, h).
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Variational Integrators for Non-smooth Dynamics

Collision Time Step

before collision t0 ≤ t < τh  qτ , τ

δq0 : p0 = −D1Ld(q0, qτ , τh)− f−d (q0, qτ , τh)
0 = g(qτ )

collision at time t = τh  q1, remember δq = δqt − q̇δti

δqτ : 0 =
(
D2Ld(q0, qτ , τh) + f+d (q0, qτ , τh)

+D1Ld
(
qτ , q1, (1− τ)h

)
+ f−d

(
qτ , q1, (1− τ)h

))
· ti

δtτ : 0 = D3Ld(q0, qτ , τh)− f+d (q0, qτ , τh)
qτ−q0
τh

−D3Ld
(
qτ , q1, (1− τ)h

)
− f−d

(
qτ , q1, (1− τ)h

)
q1−qτ
(1−τ)h

after collision τh < t < t1  p1

δq1 : p1 = D2Ld
(
qτ , q1, (1− τ)h

)
+ f+d

(
qτ , q1, (1− τ)h

)
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Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

direct approach, local optimization, works for smooth trajectories

minu(t),q(t) JC =
te∫
tb

C
(
q(t), q̇(t), u(t)

)
dt cost functional

s.t.: q(tb) = qb, q̇(tb) = q̇b initial conditions[
q̇
q̈

]
= f

(
q(t), q̇(t), u(t)

)
system dynamics

r
(
q(t), u(t)

)
≥ 0 ∀t ∈ [tb, te] path constraints

q(te) = qe, q̇(te) = q̇e terminal conditions

TUC · 22.03.2018 · Dominik Kern 8 / 16 http://www.tu-chemnitz.de/

http://www.tu-chemnitz.de/


Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

DMOC uses the same discretization for the cost functional as for the system dynamics

Cd(qk, qk+1, uk, uk+1) ≈
tk+1∫
tk

C
(
qd(t), q̇d(t), ud(t)

)
dt

≈ hC
(
qd(tk+1/2), q̇

d(tk+1/2), u
d(tk+1/2)

)
leading to a nonlinear finite dimensional constrained optimization problem..
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Optimal Control of Hybrid Systems

Discrete Mechanics and Optimal Control (DMOC)

min JdC =
N−1∑
k=0

Cd(qk, qk+1, uk, uk+1) cost function

s.t.: q0 = qb initial positions
0 = D2L(qb, q̇b) +D1Ld(q0, q1) + F−

0 initial momenta

k = 1 . . . N − 1
0 = D2Ld(qk−1, qk) +D1Ld(qk, qk+1) + F+

k−1 + F−
k DEL (collision-free)

0 ≤ rd(qk, qk+1, uk, uk+1) path constraints

qN = qe terminal positions
0 = D2Ld(qN−1, qN ) + F+

N−1 −D2L(qe, q̇e) terminal momenta

..solvable by numerical routines, e.g. SQP, for local extrema.
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Optimal Control of Hybrid Systems

Incorporating Collisions

inner optimization: smooth motion from start/collision to collision/end (DMOC)
outer optimization: find optimal collision states and times

qB , pB , tB → qc1, p
−
c1, tc1→ qc2, p

−
c2, tc2→ . . . → qcN , p

−
cN , tcI → qE , pE , tE

input: initial state (qB , pB),
terminal state (qE , pE) and
switching sequence (qc1, qc2, . . . , qcI)

output: optimal collision momenta pci for i = 1, 2 . . . I ,
optimal collision times tci for i = 1, 2 . . . I with tB < tc1 < tc2 < · · · < tE ,
optimal final time tE ,
optimal force ui(t) for i = 1, 2 . . . I + 1 and
trajectory qi(t) for i = 1, 2 . . . I + 1 (verified in simulation)
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Model Problem

Pendulum on Cart with Limiters

swing-up via one collision

q = [α, x]T

L =
1

2
q̇TMq̇ − V (q)

M =

[
mpl

2 −mpl sinα
sym. mp +mc

]
V = mplg sinα

δW nc = Fδx

αmin ≤ α ≤ αmax

xmin ≤ x ≤ xmax

Fmin ≤ F ≤ Fmax
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Model Problem

implementation issue #1: find active constraint in simulation

1. detect event by end position outside admissible range,
2. find active constraint from linear interpolation,
3. evaluate collision time step for active constraint.
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Model Problem

implementation issue #2: find initial guess for DMOC

1. spline approximation α(t) matching I.C. α(tb), α̇(tb) and T.C. α(te), α̇(te),
2. determine x(t) from mpl sinα ẍ = Jα̈+mpgl cosα with I.C. x(tb), ẋ(tb),
3. determine F (t) from (mp +mc)ẍ−mpl(α̈ sinα+ α̇2 cosα) = F (t).

This initial guess is in accordance with the equation of motion, but ignores
Fmin ≤ F ≤ Fmax and ẋ(te). Note, x(te) does not enter the optimization.
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Model Problem

implementation issue #3: exclude unfeasible collisions
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-10
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0
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15

Estimate feasible range of collision states (time, momenta) from
1. velocity condition α̇ < 0 for collision with αmin and so on,
2. full force motion from initial state to collision and from collision to final state,
3. free motion from initial state to collision and from collision to final state.

TUC · 22.03.2018 · Dominik Kern 13 / 16 http://www.tu-chemnitz.de/

http://www.tu-chemnitz.de/


Model Problem

Results

optimal trajectory in the sense of JC =
tE∫
tB

1
2F (t)

2 dt

—— → → ——
α = 1

4π, p = 0 collision (α = αmin = 1
10π) α = 1

2π, p = 0
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Model Problem

Current Limitations

I Simulation can not handle yet
I states of permanent contact with boundary, e.g. resting at limiter.
I double hits, i.e. two or more collisions per time step or collision with two limiters at a

time.
I Optimization of control can hardly handle yet

I controllability loss for α = kπ, thus restricting limiters to 0 < αmin and αmax < π.
I full search space, because infeasible points of the outer optimization are excluded by

an exceedingly conservative estimation.
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Concluding Remarks

Summary

I Variational formulation enables construction of Variational Integrators (VI) and
Direct Optimal Control (DMOC) of smooth segments.

I Separations into smooth segments leads to computationally expensive two-layer
optimization.

I Works for nonlinear systems with few degrees of freedom and few collisions.
I Finding initial guesses and limits of feasibility is as difficult as optimization itself.

Outlook

I more elegant and efficient formulation of the optimization problem (one-layer)
I equality constraints during collisions (additional holonomic constraints)
I frictional and inelastic collisions
I (global optimization, find optimal switching sequence)
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Parameter Values of Example

mp 1 kg
mc 1 kg
l 0.5m
g 10ms−2

αmin
1
10π

αmax
9
10π

xmin −1m
xmax 1m
umin −10(mp +mc)g = −200N
umax 10(mp +mc)g = +200N
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Parameter Values of Simulation

h 2e− 3 s
TOL 1e− 14
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