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Introduction

thermoelastic double pendulum

» free motion of two discrete masses connected by
thermoelastic springs
> adiabatic system, heat transfer only between springs
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Variational Integrators

Marsden [2001], Zielonka [2006], Leyendecker & Marsden & Ortiz [2008], Mata & Lew [2011]
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“Variational methods turn out to be not only esthetically
(s  and logically most satisfactory, but at the same time very
‘C""d“c“f” practical by providing a tool for the solution of many
dynamical problems.”

C. Lanczos
Introduction

t
55 =6 [ L(z,5)dt = 0
to

time discretization  z(t) ~ z"(t, 2", 2" 1)
as)

discrete Langrangian  L4(z*,z"t1) = [ L(z"(¢),2"(t)) dt
tk

N-1
discrete action sum Sy = (2°,...,2") = 3 L4(z* 21
k=0
advantages:

» by design structure preserving (symplectic)
» excellent longtime behavior
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Maugin [2006], Gross & Betsch [2011], Romero [2011]
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“The variational characterization of the thermoelastic
problem means the identification of a functional whose

stationary points are solutions of the problem.”
Introduction G. Maugin

Dominik
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deformation x =x(X,¢) thermacy o =9(X, 1)

mapping

Introduction
velocity V=X temperature ¥ = &
deformation F = Vxx thermal ~v=Vxd
gradient gradient
momentum p = g—é entropy n= g—fg

Green and Naghdi type Il
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© Variational Integrator by Generalized Trapezoidal Rule
Introduction
© Thermoelastic Double Pendulum as Model Problem

@ Verification

© Summary and Outlook
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At{aL( ( k) (tk)) + (1 —a)L(Z(tk+1),Z(tk+1))}

linear interpolation by generalized trapezoidal rule (GTR)

discrete Euler-Lagrange equations
VI-GTR Integrator

0= Dng(zk_l,zk) + DlLd(zk,zk+1)

with (using GTR)

oL oL
Dy Lyg(z", ") = o a—At Fras)

oL oL
DyLg(z*1,2%) = (1 — 04)8 AV 5k
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. k _k+1 k
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Dominik Kern k=0 h=0

tian Bar,

Zk+1)

9

tk+1

N
Michael GroB _ ZéLd(Z .z k-i-l _|_ Z/ 5Z(7‘)dt
k=0

VI-GTR Integrator position-momentum form

" = — Dy Ly(z", 2" — £
O = DyLy(2*, 2570) + £

discrete generalized forces (mechanical forces, entropy flux)
tk+1

_ 0z(7) k
£ = /tk fu(r) ot dr = At a fa(t)

oz(t
fj = /tk fd(T)az’SJri dr = At (1 - «) fd(tkH)

thtl
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tk—i—% tk+1

Ik
VI-GTR Integrator
quadratic interpolation

Ld(zk,zk+1/2 k—l—l) 6
1 At

L J {0 )7 1)
_Z] 1{%( k 1919) _1_4%( k+1/2’19k+1/2)+1%( k+1 19k+1)}
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Romero [2009], Kriiger & GroB & Betsch [2010], Kriiger[2013]
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€1

Model Problem model of mechanical system: two concentrated masses
connected by elastic springs

deformation measure

C = /\2 = l—l ? — I',irl'l

R VAR

o - a2 (l_>: (rz —11)"(rs —11)
2 SN O )
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model of thermal system: two heat reservoirs connected by a
Model Problem heat Channel

Fourier's law

q = —k(U —9)
P2 = —q
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wmech

Model Problem Q:Z}COUpIed

Q;[}thermal

free energy function of the spring j = {1,2}

Thermoelastic Double Pendulum

wmech(cj) + T/}coupled (Cj7 19]) + wthermal(ﬁj)

Kirog? ()

%( — ;) log (c;/2>

kj |:’l9] — 1900 — ’l9j log (%)]

K; spring stiffness
B; thermomechanical coupling parameter

k; heat capacity
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Lma) = 5D miltil i (er, 81) — o (er, B2)
=1

Discrete Lagrangian (GTR) with  z = [ry, 19, &1, ®o]7

Model Problem k L k+1 2
Lg(z",2") 1 k2 k4112
——R = 3 Zam¢|ri| + (1 — a)my|ei ™
_Zawj (1 . a)'l)b]( k+1 @k-i-l)
k+1 k E+1 _ Fk
pho gkt T 0 TP s M
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position-momentum form — mechanical equations

k rit! r} i 9¢ ;
pP; = mzZT—JrOZAtZDﬂ,ZJJ ],19 )6Jk
j=1
k+1
k+1 ,r¢+ _ri'c
Model Problem b; = 3 At
de k+1
k+1 k+1
(I_O‘AtZDf‘% U )8 EF1
j=1

rir ro —r ro —r -
o = I 02:(2 1) (ra —r1) 9, — b,
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position-momentum form — thermal equations

17]’.“ = — {aDgz/Jj(c]’-“,ﬁ;-“) +(1- Oé)Dzlpj(c]]-CH,ﬁ;?H)}
k
-« Atfthj
Model Problem nf+1 = — {aD2¢](Cf7 19;“) + (1 _ a)D2¢](cf+1, ,19;43‘1‘1)}

+(1-a) Atft’fljl

k k+1
o= 94 Rl — 4;
thj 1919 thj 19]?-’-1
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k
q;
—a At 1—1
Model Problem k41 8
B+l _ _fz'+ —r}
P = A
de k+1
(1 — AtZDle k+1 19]64-1)8 k+1
j=1
,'7]1_64-1 _ {OZDQQ,/)]( )+ (1 —OL)Dg?%( k+1 ,ﬁk-l-l)}
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» time discretization z*

v

discrete Lagrangian Ly

Model Problem

v

discrete action sum Sy

» position-momentum form

» iterative solution: p¥, nJ’? ~ rit ‘I’fﬂ
> update equation: rf ™", @FF P gt
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Verification

Temperature ¢
(O8]
=
S

w
N
(e}

* 97 numerical

* 1J9 numerical
—— 1 analytical
—192 analytlcal

0 10 20 30 40 50 60 70 80 90 100
Time t

analytical and numerical (VI-GTR, a = 0.5) solution

3001

280
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Verification E 2F
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Time ¢
difference between numerical (VI-GTR, a = 0.5) and
analytical solution (H = 800.015)
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Special Cases —Thermal only

22

Total Entropy m + 79

2157 * numerical
—analytlcal
2.1
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Time ¢

analytical and numerical (VI-GTR, a = 0.5) solution
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analytical and numerical (VI-GTR, a = 0.5) solution for
small displacements in y-direction only
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Romero [2009], Kriiger & GroB & Betsch [2010], Mata & Lew [2011]
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Reference Results

Romero [2009], Kriiger & GroB & Betsch [2010], Mata & Lew [2011]
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comparison between different integrators
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comparison of different a-values of the VI-GTR integrator
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comparison of different a-values of the VI-GTR integrator
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Thermomechanical

Sl thermo-elasto-dynamics was enhanced by the inclusion of

Systems with Heat

Conduction heat conduction. Its results are in accordance with

Dominik Kern,

>

>

>

> the second law of thermodynamics,

analytical solutions for special cases,
reference solutions from the literature for general cases.

Future work is related with

reformulation of the heat transfer in potential-like
functions (nonstandard heat transfer),

extension to viscoelasticity and plasticity,
dissipation by fluid-structure interaction,
extension to general discrete systems (MBS),
extension to flexible bodies (flexMBS).
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